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Abstract: Motivated by modeling and analysis of mass-spectrometry data, a semi- and nonparametric model is
proposed that consists of linear parametric components for individual location and scale and a nonparametric
regression function for the common shape. A multi-step approach is developed that simultaneously estimates
the parametric components and the nonparametric function. Under certain regularity conditions, it is shown
that the resulting estimators is consistent and asymptotic normal for the parametric part and achieve the
optimal rate of convergence for the nonparametric part when the bandwidth is suitably chosen. Simulation
results are presented to demonstrate the effectiveness and finite-sample performance of the method. The
method is also applied to a SELDI-TOF mass spectrometry data set from a study of liver cancer patients.
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1 Introduction

We are concerned with the following semi- and nonparametric regression model
Yie = & + Bim(Xie) + 03 (Xie )it )

where y; is the observed response from i-th individual (i=1, ...,n) at time ¢ for (¢=1, ..., T), x; is the
corresponding explanatory variable, a; and f; are individual-specific location and scale parameters and
m(-) is a baseline intensity function. Here, E(&;) =0, Var () =1, and &; and x;; are independent. Of interest
here is the simultaneous estimation of a;, §; and m(-). We shall assume throughout the paper that
g (i=1,...,n;t=1,...,T) are independent and identically distributed (i.i.d.) with an unknown distribu-
tion function, though most results only require that the errors be independent with zero mean.

Model (1) is motivated by analyzing the data generated from mass spectrometer (MS), which is a
powerful tool for the separation and large-scale detection of proteins present in a complex biological
mixture. Figure 1 is an illustration of MS spectra, which can reveal proteomic patterns or features that
might be related to specific characteristic of biological samples. They can also be used for prognosis and for
monitoring disease progression, evaluating treatment or suggesting intervention. Two popular mass spec-
trometers are SELDI-TOF (surface enhanced laser desorption/ionization time-of-fight) and MALDI-TOF
(matrix assisted laser desorption and ionization time-of-flight). The abundance of the protein fragments
from a biological sample (such as serum) and their time of flight through a tunnel under certain electrical
pressure can be measured by this procedure. The y-axis of a spectrum is the intensity (relative abundance)
of protein/peptide, and the x-axis is the mass-to-charge ratio (m/z value) which can be calculated using
time, length of flight, and the voltage applied. It is known that the SELDI intensity measures have errors up
to 50% and that the m/z may shift its value by up to 0.1-0.2% [1]. Generally speaking, many pre-processing
steps need to be done before the MS data can be analyzed. Some of the most important steps are noise
filtering, baseline correction, alignment, normalization, etc. See, e.g., Guilhaus [2], Banks and Petricoin [3],
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Figure 1: lllustration of MS spectra.

Baggerly et al. [4], Baggerly et al. [5], Diamandis [6], Feng et al. [7]. We refer readers to Roy et al. [8] for an
extensive review about the recent advances in mass-spectrometry data analysis. Here, we assume all the
pre-processing steps have already been taken.

In model (1), m(-) represents the common shape for all individuals while a; and f; represents the
location and scale parameters for the i-th individual, respectively. Because m(-) is unspecified, model (1)
may be viewed as a semiparametric model. However, it differs from the usual semi-parametric models in
that for model (1), both the parametric and nonparametric components are of primary interest, while in a
typical semiparametric setting, the nonparametric component is often viewed as a nuisance parameter.
Model (1) contains many commonly encountered regression models as special cases. If all the parametric
coefficients a; and f; are known, model (1) reduces to the classical nonparametric regression. On the other
hand, if the function m(-) is known, then it reduces to the classical linear regression model with each
subject having its own regression line. For the present case of a;, §; and function m(-) being unknown, the
parameters are identifiable only up to a common location-scale change. Thus we assume, without loss of
generality, that a; =0 and f3, = 1. It is also clear that for a;, 8; and m(-) to be consistently estimable, we need
to require that both n and T go to oo.

There is an extensive literature on semiparametric and nonparametric regression. For semiparametric
regression, Begun et al. [9] derived semiparametric information bound while Robinson [10] developed a
general approach to constructing /n-consistent estimation for the parametric component. We refer to
Bickel et al. [11] and Ruppert et al. [12] for detailed discussions on the subject. For nonparametric regression,
kernel and local polynomial smoothing methods are commonly used [13-16]. In particular, local polynomial
smoothing has many attractive properties including the automatic boundary correction. We refer to Fan and
Gijbels [17] and Hardle et al. [18] for comprehensive treatment of the subject.

The existing methods for dealing with nonparametric and semiparametric problems are not directly
applicable to model (1). This is due to the mixing of the “finite dimensional” parameters and the nonpara-
metric component. A natural way to handle such a situation is to de-link the two aspects of the estimation
through a two-step approach. In this paper, we propose an efficient iterative procedure, alternating between
estimation of the parametric component and the nonparametric component. We show that the proposed
approach leads to consistent estimators for both the finite-dimensional parameter and the nonparametric
function. We also establish the asymptotic normality for the parametric estimators, and the convergence
rate for the nonparametric estimate that is then used to derive the optimal bandwidth selection.
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2 Main results

In this section, we develop a multi-step approach to estimating both the finite-dimensional parameters «;
and f; and the nonparametric baseline intensity m(-). Our approach is an iterative procedure which
alternates between estimation of @; and f; and that of m(-). We show that under reasonable conditions,
the estimation for the parametric component is consistent and asymptotically normal when the bandwidth
selection are done appropriately. The estimation of the nonparametric component can also attain the
optimal rate of convergence.

2.1 A multi-step estimation method

Recall that if @; and f3; were known, the problem would reduce to the standard nonparametric regression
setting; on the other hand, if m(-) were known, it would reduce to the simple linear regression for each i.
For the nonparametric regression, we can apply the local linear regression with the weights K, () =K(-/h)/h
for suitably chosen kernel function K and bandwidth h. For the simple linear regression, the least squares
estimation may be applied.

To ensure identifiability, we shall set a; =0 and 8, =1. Thus, for i=1, (1) becomes a standard nonpara-
metric regression problem, from which an initial estimator of m(-) can be derived. Replacing m(-) in (1) by
the initial estimator, we can apply the least squares method to get estimators of a;, §; for i=2, which,
together with ;=0 and ;=1 and local polynomial smoothing, can then be used to get an updated
estimator of m(-). This iterative estimation procedure is described as follows.

(@) Seta;=0and f, =1, so that yi =m(xy¢) + 01(x1¢)ex, t=1, ..., T. Apply local linear regression to (xit, yi¢),
t=1, ..., T, to get initial estimator of m(-)
T
ﬁl(X) _ thl wlt(x)ylt (2)

S wix)

where wy¢(x) = Kp(x1¢ —x)(St,2 — (xar —x)Sr,1) and

T
St= Y Kn(xa-x)(xy = x)", for k=1,2. €)
t=1

(b) With m(-) being replaced by m(-) as the true function, a;, f;, i=2, ...,n can be estimated by the least
squares method, i.e.

- SO () - m0a)yie
Bi= - , ()
1 [m(xe) - m(x))”
& =Y - Bm(x:) = Vi - Do (%) _ﬁl(xi'))ygﬁl(x,a), (5)

where

I _ 1 .
Vi.= T;yit, and m(x,-.) = T;m(){it).

(c) With the estimates &; and Bi, we can update the estimation of m(-) viewing &; and [Ei as true values.
Specifically, we apply the local linear regression with the same kernel function K(-) to get an updated
estimator of m(-),
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n T * *
f(x) = Zi=nl Zt=T1 witEX)Yit , 6)
Do 2t-1 Wi(X)
where y; = (yie - &) /B,
~ n., * (7 n. (7
w3y () = B (e =) | Y Sy — e —x) D BiSy) @)
i=1 i=1
and
* (5 T k
ST(,';{= ZK’f (xit = %) (xie —x)", for k=1,2. (8)
t=1

Note that the bandwidth for this step, h", may be chosen differently from h in order to achieve better
convergence rate. The optimal choices for h and h* will become clear in the next subsection where large
sample properties are studied.

(d) Given a pre-specified tolerance level n>0, repeat steps (b) and (c) until the parametric and the
nonparametric estimators for iterations [ and [+ 1 meet the following convergence criteria.

~(l+1 (1 S+1 (1 ~ 1 ~ 1
=l - a2 1B - BOIP + /<m<x>< D () V)dx> n.

Our limited numerical experiences indicate that the final estimator is not sensitive to the initial estimate.
However, as a safe guard, we may start the algorithm with different initial estimates by choosing different
individuals as the baseline intensity. In step (c), the Bi is in the denominator, which, when close to 0, may
cause instability. Thus, in practice, we can add a small constant to the denominator to make it stable,
though we have not encountered this problem.

The iterative process often converges very quickly. In addition, our asymptotic analysis in the next
subsection shows that no iteration is needed to reach the optimal convergence rate for the estimate of both
parametric and nonparametric components when the bandwidths of each step are properly chosen.
Therefore, we may stop after step (c) to save computation time for large problems.

2.2 Large sample properties

In this section, we study the large sample properties of the estimates for m(-), a; and f3;. By large sample, we

mean that both n and T are large. However, the size of n and that of T can be different. Indeed, for MS data,

T is typically much larger than n. The optimal bandwidth selection in the nonparametric estimation will be

determined by asymptotic expansions to achieve optimal rate of convergence. We will also investigate

whether or not the accuracy of &; and Bi may affect the rate of convergence for the estimation of m(-).

The following conditions will be needed to establish the asymptotic theory.

Cl. The baseline intensity m(-) is continuous and has a bounded second order derivative.

C2. There exist constants a>0 and §>0, such that the marginal density f(-) of x; satisfies f(x)>4§, and
If(x)-f(y)| <c]x-y|" for any x and y in the support of f(-).

C3. The conditional variance o?(x) = Var (yi|x; = x) is bounded and continuous in x, where i=1, ..., n and
t=1,...,T.

C4. The kernel K(-) is a symmetric probability density function with bounded support. Hence K(-) has the
properties: [7 K(u)du=1, [*_uK(u)du=0, [~ _u’K(u)du=0 and bounded. Without loss of general-
ity, we could further assume the support of K(-) lies in the interval [-1, +1].

Condition C1 is a standard condition for nonparametric estimation. Condition C2 requires that the density of
X is bounded away from O, which may be a strong assumption in general but reasonable for mass
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spectrometry data as x; are approximately uniformly distributed on the support as shown in Figure 1.
Condition C3 allows for heteroscedasticity while restricting the variances to be bounded. Condition C4 is a
standard condition for kernel function used in the local linear regression.

The moments of K and K? are denoted respectively by y,= [~ _u'K(u)du and v;= [~ u'K*(u)du for 1>0.

Lemma 1 Suppose that Conditions C1-C4 are satisfied. Then for m(-) defined by (2), we have, as h — 0 and
Th — oo,

m(x) =m(x) + %m"(){)yzh2 +o(h?) + Uy (x), ©9)

where Uy (x) = (Y[, wis(x)01(x1s)€1s) /(D1 -, wis (X))

Lemma 1 allows us to derive the asymptotic bias, variance and mean squared error for the estimator m(-).
This is summarized in the following corollary.

Corollary 1 Let X denote all the observed covariates {xi,i=1, ...,n,t=1, ..., T}. Under Conditions C1-C4,
the bias, variance and mean squared error of m(x) conditional on X have the following expressions.

E (n(x) ~m(x)|X) = 31" COpH? + ()

Var ((0)[X) = - [F0)] o300 + )

(m (K + - (0] 020w + o + ).

E[{m(x) - m(x)}’|X] = Th Th

1
4
It is clear from the above expansions that in order to minimize the mean squared error of m(x), the
bandwidth h should be chosen to be of order T~/>. However, we will show later that this is not necessarily
optimal for our final estimator m(-).

For estimation of scale parameters f3;, we can apply Lemma 1 together with the Taylor expansion to
derive asymptotic bias and variance. In particular, we have the following theorem.

Theorem 1 Suppose that Conditions C1-C4 are satisfied and that h — 0 is chosen so that Th — oo. Then the
following expansions hold for i>2.

. 1 1
E(B;-BilX) = - Bi(K°Pi + ﬁQi) +o(h + ﬁ)» (10)
Var (BX) - Ze=t WEOH0) | o 350 WHOF 0 ol (1)

(i W2) (i W2)

where Wy =m(x;) -m(x;), m(x;)=T"? Zthl m(xit),

P Ho ey Wi (xi)

Vo X f T a0 ()
1 T - .
2 YW

T
Y- Wi
Remark 1 The asymptotic bias and variance of parameter estimator &; can be similarly derived. In fact, they

can be inferred from the bias and variance of Bi through its linear relationship with ﬁi, thus having the same
order as those of f; in (10) and (11).

, Qi

Remark 2 The bias of B,. is of the order h*+(Th)~' and the variance is of the order T~'. To obtain the
V/T-consistency for B;, i.e. V'T(B; - B;) = 0,(1), the order of bias should be O(T"%). This is achieved by choosing
the order of h between O(T z) and O(T~%).
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From the asymptotic expansion for the mean and variance of the initial functional estimator m(-) and
parameter estimator f;, we can obtain the asymptotic expansions for the bias and variance of the
subsequent estimator of the baseline intensity, m(-).

Theorem 2 Suppose that Conditions C1-C4 are satisfied. Suppose also that h for m(-) and h" for m(-) are
chosen so that h — 0, h" — 0, Th — oo, and nTh" — oo. Then the following expansions hold:

E((x) - (Zﬁ hpz T;n ) Zﬁ hR+Z]:h1ﬁ () Q)

m”(X)py , + 2, 1 e
5 h<+olh +Th+h s

T n 2
Var(m(x)|X) = 5 lﬁ Z(Z [ +Z,tD 1 (x1e)
VO Zz Zﬁz ( ) (Xif) 1 L
(S B ol + )

where P;,Q;, W; are the same as those in Theorem 1, and R;=m(x;.)P;—2"'w,m"”(x:),

Zie = (3251 W3) ™ (m(x) ~ m(x;.)) Whe.

In the ideal case when the location-scale parameters are known, the bias and variance of the local linear
estimator of baseline intensity m(-) should be of the order O(h™?) and O(-%=). And the optimal bandwidth
in this ideal case should be of order (nT) 5. Therefore the bias and variance of the nonparametric
estimator are 0((nT)’§) and O((nT)’%), respectively. In addition, the mean squared error is of order
0((nT)_%). Interestingly, by choosing the bandwidths h and h™ separately, we can achieve this optimal
rate of convergence for the baseline intensity estimator m(-) through the proposed multi-step estimation
procedure when the orders of n and T satisfy certain requirement. Notice that the parametric components
will have the optimal /T convergence rate simultaneously. The conclusions are summarized in the
following theorem.

Theorem 3 Suppose that Conditions C1-C4 are satisfied. The optimal parametric convergence rate of location-
scale estimators can be attained by setting h to be of order T3; the optimal nonparametric convergence rate
of the baseline intensity estimator m(-) can be attained by setting h™ to be of order (nT) 3 and h of order T3,
when T — oo, n — oo, and n=0(T%).

Remark 3 In Theorem 3, if T — oo while n is fixed, the optimal nonparametric convergence rate could still be
reached by setting h"=0(T"5) and h to between O(T~3) and O(T3). By Remark 2, we still have the
V/T-consistency for parametric estimation for the fixed-n situation.

Remark 4 From Theorem 3, if the requirement n= O(T%) is not satisfied, then the nonparametric estimator
m(-) will not achieve the optimal rate of convergence at any choice of the bandwidths. However, the choice of h
and h” is optimal even if n= O(T%) does not hold.

Theorem 4 Suppose that Conditions C1-C4 are satisfied. In addition, assume E[mz(x,t)(oz(x,t) +1)] <o and
E[m?(x)]>0 for all i=1,..,n and t=1, ..., T. If we restrict the order of h to lie between T~ and T4, B, is
asymptotic normal:

VT(B,-B) — N(0,07?), (12)
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where

( 1211 (Xlt) ﬁzT thl 1t0_1(xll)).
(T_lzz:1 it) (T- 12[ W)

Here, if we assume o,?(-) to be a constant for each subject i, then its value can be consistently estimated by
the plug-in estimator

T
Z Yit _al ,Bl Xlt))Z, (13)

where & =0 and §, =

From (12), the asymptotic variance of B,. is of order O(T 1), provided that the order of the bandwidth h is
properly chosen. Since the asymptotic expansion for ﬁi does not involves the choice of h”, the specific
choice of different h* will not affect the order of the asymptotic variance of ,Bl

2.3 Bandwidth selection

In Section 2.2, we studied how the choice of bandwidths h and h" may affect the asymptotic properties of
the estimators. However, in practice, we need a data-driven approach to choosing the bandwidths. Our
suggestion on this is to use a K-fold cross-validation bandwidth selection rule.

First, we divide the n individuals into K groups Z;, Z,, ..., Zx randomly. Here, Z; is the k-th test set, and
the k-th training set is Z_; = {{1, ..., n}\Z}. We estimate the baseline curve m(-) using the observations in
the training set Z_; and denote the estimator as m(Z_g, h, h*), where h and k" are the bandwidths of the two
nonparametric regression steps for m(-) and m(-), respectively. Recall that at the beginning of the multi-step
estimation procedure, we fix the first observation as the baseline to solve the identifiability issue. In the
case of cross-validation, for each split, the baseline will corresponds to the first observation inside Z_,
which is different for different k. We circumvent the problem of comparing different baseline estimates by
using them to predict the test data in Z;, i.e., after obtaining the estimator of baseline curve from Z_;. We
then regress it on the data in Z;, and compute the mean squared prediction error (MSPE).

MSPE(Z_, h,h") = ZZ Vie — (@ + Bt (Z _, b, )P, (14)
IGZk =
where ay; and Bki are the estimated regression coefficients. We repeat the calculation for k=1, ..., K, and

the optimal pair (h, h*) is the one which minimizes the average MSPE, i.e.

hh MSPE(Z_;, h, h" 1
(h, ') = arg min Z whh). (15)

The effectiveness of the cross-validation will be evaluated in Sections 3 and 4.

3 Application to mass spectrometry data

We now apply the proposed multi-step method to a SELDI-TOF mass spectrometry data set from a study of
33 (n=33) liver cancer patients conducted at Changzheng Hospital in Shanghai. For each patient, we extract
the m/z values in the region 2,000-10,000 Da (T =21,000), which is believed to contain all the useful
information. Figure 2 contains the curves of 10 randomly picked patients.
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Figure 2: Curves of 10 observations and the baseline estimate.

There are some noticeable features in the data. All curves appear to be continuous. They peak simulta-
neously around certain locations; at each location, curves have the same shape but with different heights.
All those features are captured well by our model. Since the observed values of m/z for each person may
fluctuate, we need to perform registration to make the analysis easier. Here, we use the observations from
the first individual and set his/her values as the reference. Then we use the linear interpolation method to
compute the intensities of all the other individuals at the reference m/z locations. After that we get the
preprocessed data which has the same m/z values for each observation.

We use the cross-validation method described in Section 2.3 to select the optimal bandwidths with
K =33, i.e., leave-one-out cross validation. We compute the MSPE at the grid of h=2,4,6, ...,40 and
h"=2,4,6, ...,40. Table 1 contains a portion of the result with h=30,32, ...,40 and h" =2,4,6, ..., 20.

Table 1: MSPE of the leave-one-out prediction of real data. The minimum MSPE is shown in bold.

h 30 32 34 36 38 40
W
2 1,104.946 1,104.941 1,104.936 1,104.934 1,104.931 1,104.930
4 1,104.483 1,104.482 1,104.481 1,104.483 1,104.484 1,,104.487
6 1,110.261 1,110.265 1,110.269 1,110.275 1,110.281 1,110.288
8 1,122.601 1,122.610 1,122.619 1,122.630 1,122.640 1,122.652
10 1,140.525 1,140.539 1,140.552 1,140.568 1,140.582 1,140.598
12 1,161.739 1,161.757 1,161.775 1,161.795 1,161.813 1,161.832
14 1,183.842 1,183.864 1,183.886 1,183.909 1,183.931 1,183.953
16 1,205.356 1,205.382 1,205.407 1,205.433 1,205.458 1,205.483
18 1,225.298 1,225.327 1,225.355 1,225.383 1,225.411 1,225.438
20 1,243.068 1,243.099 1,243.130 1,243.162 1,243.191 1,243.222

As we can see in Table 1, the minimum MSPE occurs at the location of h=34 and h" = 4, which agrees with
our theory that h and h" should not be chosen with the same rate for the purpose of estimating the
nonparametric component.

Finally, we use the selected bandwidths to estimate the location and scale parameters as well as the
nonparametric curve for the whole data set. The estimated parameters are reported in Table 2 and the baseline
nonparametric curve estimation is shown in the lower part of Figure 2. From Table 2, we can see that each
individual has very different regression coefficients, which was also verified by looking at Figure 2. In
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Table 2: Regression parameters of real data.

ID a B D a B ID a B
1 0 1 12 -1.0302  1.5914 23  -0.7234  1.4448
2 -0.2086 1.1836¢ 13  -0.1788  1.1366 24  0.2021  0.8915
3 -1.2208 1.6836 14 -0.3252  1.2586 25 0.5341  0.7957
4 -0.5630 1.3689 15 -0.6169  1.3599 26  0.5373  0.7203
5 -1.4761  1.8721 16  -0.3919  1.2418 27  -0.3748  1.2181
6  -1.2931 17142 17  0.0820 1.0178 28  0.0935  0.9642
7 0.7928  0.5925 18  0.7402  0.6569 29  0.7852  0.5971
8 0.0582  1.0387 19  -0.0609 1.0586 30  -0.0085  1.0503
9  -03338 1.1839 20 -0.9218  1.5053 31  -0.3827  1.2131

10 -0.9066 1.5397 21 -0.0580 1.0378 32 -0.7803 1.5011
11 -1.5054 1.8770 22 -0.3526 1.2149 33 -0.2115 1.1108

0 4
< -
[}
S o o
z @ I
— »
<) o
2z Nl
Z - .
c QAo W
S !
E
raw data
7 estimated with i
""" estimated with
o 4
T T 1 T T
2,000 4,000 6,000 8,000 10,000  Figure 3: Nonparametric estimates of the curve from
m/z m(-) and m(-) for the 16th object.

addition, comparing the estimated curve for the baseline intensities with the real curves of 10 observations, it
is clear that the majority of the peaks and shapes are captured by the nonparametric estimate with appro-
priate degree of smoothing. A graphical representation of the raw curve of a single individual (16th subject) is
also illustrated in Figure 3 along with estimates derived from m(-) and m(-). We can see from the figure that
the estimate from m(-) is notably better than that from m(-), which shows that multi-step procedure is
effective in improving the estimates for the baseline curve. We observed similar phenomenon for all the other
subjects.

4 Simulation studies

We conduct simulations to assess the performance of the proposed method for parameter and curve
estimation. The true curve m(-) is chosen from a moving average smoother of the cross-sectional mean of
a fraction of real Mass Spectrometry data in Section 3 after log transformation. We set 10000 m/z values
equally-spaced from 1 to 10,000 (T =10, 000) and the number of individuals n=30. The true values of the
parameters a;, B;,i=1,2, ..., n for each individual are shown in Table 3. And the error terms &;; are sampled
independently from N(0, %), where we set o =0.25.

We apply our multi-step procedure to the simulated data with different choices of the bandwidth. The
number of runs is 100. The estimated parameters &; and Bi are shown in Table 3 along with the standard

Brought to you by | Columbia University
Authenticated
Download Date | 1/4/18 7:21 PM



294 —— W. Ma et al.: Functional and Parametric Estimation DE GRUYTER

Table 3: Regression parameter estimates (h=35).

ID a B a B ID ol B a B
1 0 1 0.000(0.000) 1.000(0.000) 16 0.6 1 0.605(0.026) 0.997(0.019)
2 0.2 0.2 0.202(0.020) 0.198(0.013) 17 0.8 0.2 0.799(0.020) 0.201(0.014)
3 0.4 0.5 0.399(0.023) 0.501(0.016) 18 1 0.5 1.004(0.024) 0.497(0.016)
4 0.6 1.5 0.598(0.040) 1.502(0.027) 19 0 1.5 -0.001(0.044) 1.501(0.029)
5 0.8 2 0.801(0.047) 2.000(0.031) 20 0.2 2 0.206(0.043) 1.997(0.029)
6 1 1 0.999(0.029) 1.001(0.020) 21 0.4 1 0.403(0.030) 0.998(0.021)
7 0 0.2 -0.001(0.022) 0.201(0.015) 22 0.6 0.2 0.598(0.024) 0.201(0.016)
8 0.2 0.5 0.200(0.021) 0.500(0.014) 23 0.8 0.5 0.801(0.024) 0.500(0.016)
9 0.4 1.5 0.404(0.033) 1.498(0.023) 24 1 1.5 0.996(0.038) 1.503(0.025)
10 0.6 2 0.603(0.044) 1.999(0.030) 25 0 2 0.001(0.044) 2.000(0.029)
11 0.8 1 0.800(0.026) 1.001(0.018) 26 0.2 1 0.203(0.030) 0.998(0.020)
12 1 0.2 1.002(0.021) 0.198(0.014) 27 0.4 0.2 0.399(0.021) 0.201(0.015)
13 0 0.5 0.003(0.023) 0.499(0.016) 28 0.6 0.5 0.604(0.021) 0.497(0.014)
14 0.2 1.5 0.206(0.036) 1.497(0.024) 29 0.8 1.5 0.803(0.032) 1.499(0.023)
15 0.4 2 0.401(0.048) 2.001(0.033) 30 1 2 1.001(0.047) 2.000(0.031)

Note: Standard deviations are in parentheses.

Table 4: SSE of the initial and updated estimation of m. The minimum SSE is
shown in bold.

SSE of m
h 20 25 30 35 40
9.1112 7.5509 6.7024 6.3418 6.3653
SSE of m
h 20 25 30 35 40
b
20 0.6145 0.5936 0.5925 0.6078 0.6388
22 0.5762 0.5563 0.5561 0.5723 0.6042
24 0.5453 0.5265 0.5272 0.5443 0.5771
26 0.5204 0.5026 0.5043 0.5223 0.5561
28 0.5005 0.4838 0.4866 0.5056 0.5403
30 0.4850 0.4695 0.4733 0.4934 0.5291
32 0.4735 0.4592 0.4641 0.4852 0.5220
34 0.4657 0.4527 0.4587 0.4809 0.5188
36 0.4612 0.4496 0.4568 0.4802 0.5192
38 0.4601 0.4498 0.4583 0.4829 0.5231
40 0.4622 0.4533 0.4631 0.4889 0.5303

errors. We set h=35, which leads to the smallest SSE of m shown in Table 4. It is evident that the estimation
is very accurate for all the location and scale parameters. In addition, for each h and h*, the computation
time is less than two minutes on a laptop.

From Table 4, we can see that the global optimal bandwidths are h=25, h" = 36. It is interesting to note
that the optimal bandwidth for m(-) is h=35, which is different from the optimal bandwidth for the final
estimator.

To evaluate the quality of the our multi-step estimation method for the nonparametric baseline
function, we consider a classical nonparametric estimation on another set of data where the same true
function m(-) is used but a;=0, ;=1 for all i=1, ...,n. We applied the same local linear estimation with
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Table 5: SSE of the estimation of m in the dataset with same parameters in each individual.
The minimum SSE is shown in bold.

h 20 30 40 50 60

SSE 0.6881 0.4936 0.4442 0.4926 0.6337

different bandwidths. The mean SSE of the estimated m(-) from 100 repetitions for different hs are given in
Table 5. When we applied the multi-step estimation procedure, the best mean SSE we achieved in Table 4 is
very close to the minimal mean SSE 0.4442 for the oracle estimator. This comparison confirms that there is
little loss of information in the proposed method when both parametric and nonparametric components are
estimated simultaneously.

We use cross-validation to get a data-driven choice of the bandwidths. Here, we set K =5 to get a mean
MSPE of every different bandwidth choices of both steps over 100 runs, and the optimal bandwidths are
those with the minimum mean MSPE. The mean MSPE values are shown in Table 6, from which we can see
that the smallest value is located at h =25, h" =36, which is quite close to the optimal bandwidths h =25 and
h" =38 in Table 4. Therefore, the cross-validation idea appears to work well in terms of selecting the best
bandwidths.

Table 6: Mean MSPE of the 5-fold CV over 100 times. Here, we multiply T for all the MSPE
values and subtract the minimum 625.61956.

h 20 25 30 35 40
W
20 0.293733 0.293728 0.293724 0.293722 0.293721
22 0.222948 0.222943 0.222940 0.222939 0.222939
24 0.165816 0.165813 0.165810 0.165809 0.165809
26 0.119253 0.119250 0.119248 0.119248 0.119248
28 0.081603 0.081600 0.081599 0.081598 0.081599
30 0.052297 0.052295 0.052294 0.052294 0.052295
32 0.030256 0.030255 0.030254 0.030255 0.030256
34 0.014621 0.014620 0.014620 0.014621 0.014622
36 0.004761 0.004760 0.004760 0.004761 0.004763
38 3.4e-08 0 5.6e-07 2.0e-06 4.2e-06
40 0.000590 0.000590 0.000592 0.000593 0.000596

5 Discussion

This paper proposes a semi- and nonparametric model suitable for analyzing the mass spectra data. The
model is flexible and intuitive, capturing the main feature in the MS data. Both the parametric and
nonparametric components have natural interpretation. A multi-step iterative algorithm is proposed for
estimating both the individual location and scale regression coefficients and the nonparametric function.
The algorithm combines local linear fitting and the least squares method, both of which are easy to
implement and computationally efficient. Both simulation studies and real data analysis demonstrate
that the proposed multi-step procedure works well.

The local linear fitting for the nonparametric function estimation maybe replaced with other nonpara-
metric estimation techniques. Because the location and scale parameters are subject specific, the empirical
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Bayes method [19] may be used. In addition, nonparametric Bayes may also be applicable with the
nonparametric function being modeling as a realization of Gaussian process.

The proposed model and the associated iterative estimation method do not account for the random
error in the measurement of X. It is desirable to incorporate the measurement error into the model [20].

Many studies involving MS data are aimed at classifying patients of different disease types. The
information of peaks are usually applied as the basis of the classifier. The proposed method provides a
natural way to identify the peaks for different group of patients by using the multi-step estimation
procedure on each group and finding out the corresponding nonparametric baseline function. From the
estimated baseline function, the information of peaks can be easily extracted, which can then be used for
classification.
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Appendix

The Appendix contains proofs of Theorems 1-4, where the proofs of Lemma 1 and Corollary 1 can be found
in the supplementary materials. We begin with some notations, which will be used to streamline some of
the proofs. Because all asymptotic expansions are derived with x;’s being fixed, we will, for notational
simplicity, use E to denote the conditional expectation and Var to denote the conditional variance given
x;’s throughout the Appendix. Fori=1, ...,nand t=1, ..., T, let

1 B O'i(Xit)Witﬁl(Xi.)
Y
A.1 Proof of Theorem 1

Proof. First of all, define Wi =m(x;)-m(x;) to simplify the presentation. By definition, we have the
following expansion for §; when i=2.

. St Waelm(x) - (xie) | 27 Wieoi(Xie)ie
Bi-Bi=B; = + =
ZtT=1 W ZtT=1 W (16)

= ﬁiDi + Gi.
From Lemma 1 and the proof of Corollary 1, we have

Wit - Wi = Op(hz)- (17)
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Plugging (9) into D;, we have

> t-1[(U1(xe) = U1 (6.)) Ui (i) + S pam” (xie) Wieh? + o(1?)]

Di=- -
i W2
Zt {[Wie +0(R?) ]Ul(Xlt)+O(h2)[Ul(Xlt) Ui(xi)]} (18)
Y W,
T Ny ] T : ]
_ Zt=1(U1(le)T Ul(le‘))Ul(le) _hZPi_ Zt=1 ]WlfUlz(le) (1+Op(1)) +O(h2+ i)’
thl Vvit thl Wit Th
where the last asymptotic expansion follows from (17). Similarly for G;, we have
Gi= >y Wiedi(xie)€ie(1+ O(h?)) Zz 1 (Us(Xir) = Ul(x, ))0i(Xit)Eit
=
1 Wy Yl W,
. (19)
_ Loy Wuoila)éu VT"“""(’;")S” (1+0,(1)).
YW,

We observe that for any i=2, Uj(x;) is a linear combination of {ey,t=1, ..., T}. Therefore, U;(x;) is
independent of {ey,i=2, ...,n,t=1, ..., T}. By using the tower property, we have EG; = 0. Therefore, ,D;
is the only part that contributes to the bias of ﬁl In view of these and Corollary 1, we have the following
expansions for the bias and variance terms

T N7 (x: ))?
E § t=1 (Ulz(j(lltz/VIZtUl(Xz)) +O(h2+ %)
T .
g [=1V31'(L;1_(1X;32(1+0(1)) +O(h2+ ]}h)

1
-~ BIEP~B Qo+ ),

E(B,-B;) = - BH*Pi - B;

= _Bithi -B;

and

T s .
Var(B,) =Var< -B; ZEIT/VTIL’%XH) (1+ op(l))>

+Var <—Zt it:lgl (:t)elt (1+ o,,(l))) .

Straightforward variance calculation for an independent sum gives

2
Var (Z Wit U (Xit) > Z [Z; Wi leisw)?lt(xu)} 02 (xs). (20)

t=1
We have
T
wis (X Kn(xit — x15)(S1.2 — (Xit — x15)S
Zvvzt 1s lt Z Xlt ﬁ‘lX, ) h( it ls)( T,2 (12t 1s) T,1).
ZS 1w1s(X1t =1 ST’OST,Z_ST,l
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We expand m(x) in the neighborhood of point x5 using Taylor’s expansion,

m(xie) = m(xqs) + (X — x15)mM’ (x35) + % (e — xls)zm”(xls) +0p((Xit — xls)z).

Since the kernel function Kj(x - x;5) vanishes out of the neighborhood of x;s with diameter h, we can obtain
the following

im Kh th -Xls)(ST 2~ (Xn Xls)ST 1)
— S1,081,2-5%

T
Kn(xit = x15)(St.2 - (Xit = X15)S
Xls + Zm, X1s th—Xls) h(Xlt Xls)( T,2 (th Xls) T,1)

5]
— St,081,2- 571

Kn(xit = x15) (St,2 = (Xit = X15)ST,1)

th - Xls (Xls) + Op((xit - Xls)z) St oS 52
T,09T,2 = 91,1

NI»—\

:i[

T it — —_ 1y —
R o
’ ’ T,1

t=1

=m(xis) + Op(h%),

where the functions Sy i, k=0, 1,2 are evaluated at the point x;. Combined with m(x;) =m(x,.) + O,(T~1/?),
we can have the expansion

thz‘”lswx“(x) m(xs) + Op(R2) — (x1.) + Op (T~ 2) = Wy + O, (2 + T~ 112)
s=1 Wis\Ait

Then recall (20), we have Var (3!, WiUs(xi)) = Yor_, W202(xy) +0,(T), which leads to the variance
expansion

- 2ZtT=1 lezaf(xlt) Zt W (XH) 1
Var () = ' W 4 0y(5).
(27, w2) @:1 wa T

A.2 Proof of Theorem 2

Proof. Recall (7) and (8), we have

T . nooooon
Z Wi (X)(Xie = x) = ﬁzz ; iZST(,li - ZB?ST(,Ii Bz‘zST(,l; =0.
i1 i=1

i= =1

n

Then we have the asymptotic expansion of the updated estimator of baseline intensity m(-) at time point x
as follows.

By definition of m(-) in (6), we can write

m(x) - m(x) = >i- 1§t 1;:zt wal)/ﬁl PO 1§t 1§ztU(Xlt)£l/ﬁl

(1)

Zl 12: 1‘”1tm (Xit) (B; = ﬁz)/ﬁz Zl 1Zt 1w1t( " (x) (Xie — )2+0((Xit_x)2)).
Zl 12[ 1wzt Zl 1Zt lwlt
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From the proof of Theorem 1, we have

(U (xe) - Ul<xl>>U1<xn> >ty Wil (%)

By BP, B o

-Bi (1+0,(1))
Zt 1 l 23:1 WZ
(22)

Zt 1 l[Ul(Xlt)glt 2 1
= ——— (1+0p(1)) +o(h" + —).

Zt 1 Th

Then, from the least square expression, we have the asymptotic expansion for &; as follows.
_)71 _Bir:n(xi‘)
— g+ i) + & =By lmix) + B2 Ie+ U (i) + o))
_al+ﬁlh2R +m( )B Zt 1(U1(Xlzt) Ul(xl))Ul(Xif) +O(h2+ %) (23)
t= 1

T T
+ ) View(1+0p(1) =B ) VieUi(xie) (1+ 0p(1)).

t=1

Now, we plug the above asymptotic expansions (22) and (23) into the right hand side of (21). The first part of
(21) could be expanded as follows

i IZt L @y al)/ﬁl
Ei=th=1wit

X 0= @) /B B (=) [ St ~ (e —x) S BES
Z;Ll Zt= 1 ﬁi Ky (xi¢ — x) [Zi 1 .3125*1(1; = (Xit = x) lel BzZS*TOi] @4)

S (@ =By o7 Ko (xie =) [0 ST = (e =) S0 BT
S B Ko (=) [0 BST — (=) 0L, BT

The numerator of (24) has expansion

n

> (ai=a)fy [T (10, (D) Y BTH (0 {1-+0,(1)

i=1

_ Th*{ Rf (xX)u, + 0, (h*2 + \/%) } gﬁ%Th*{ R (xX)u, + 0, <h*2 + \/%) H

~ % *22 ~a)B[F00{1+0,(1)} DB ({14 0p(1)) @)

)y om0 (0 )}

—T2 *ZZ al ﬁl |:f Zﬁl Vz{l"’op( )}:|

—{h*f( )u2+0p(

where the last equation following from B, =g; + O(h?) + O((Th) ') + 0,(T~/2).

Brought to you by | Columbia University
Authenticated
Download Date | 1/4/18 7:21 PM



300 —— W. Ma et al.: Functional and Parametric Estimation DE GRUYTER

Similarly, the denominator of (24) has the following expansion

> B 101+ 0,0) BTN (14 0,(1)
o 1 LNPOY G o 1
_Th{hf(x)y2+0p(h +m)};ﬁiTh {hf(x)y2+0p(h +\/ﬁ>}]
- T ”Z/f[ Hi+o,(1 }ZBI (O {1+05(1)) 26)

- {h*f'(x)y2+0p (h*2+ \/T) } Zﬁl{h f'(xi)uy + O (h + \/T}T) H

~ T *ZZB,[ 'S B om{1+ 0,01 )t

i=1

Then combining the expansions (25) and (26), we have the following expansion for the first part of (21).
Sy Doteg Wil az)/ﬂl PR30 (i _Aai)[;i [F00) X BiF Om{1+0,(1)}]
DRSNS T2H2 3 B () S0y Bif (Omp{1+ 0p(1)}]
_ i —a)B;
i B

For other parts of (21), we can apply the same techniques for expansion. As a result, the following
expansion of m holds.

(1+0p(1)).

TloPil@i=) ) o )y ZieaBi Do Kie (= X)ei(1+05(1)
S ’ LB T )

Soi 1 BiBi = By) Sy K (xie = X)ei (14 0p(1))
S BITF(x)

m(x) —m(x) =

+

f:ﬁ {th +m(x;.) ZT: (Un(xie) = U1(x2))*/ ZT: w2 - ET: VitU1(Xit)(1+0p(1))]
= t=1 t=1 t=1
S B

Zz 1B; Zt 1 Ko (xie = x)€ie(1+ 0p(1))
Zz lﬁ

+m(x ){Zl 2B1h2P Zl Zﬁz Zz y (Ui (xie) = Un (x ~))2/ZzT:1 szt}
El lﬂz Zl lﬁz ( )

+m<x){z, B lw,tug)fzt);op( DO }

L)
2

* 1 x
y2h2+o(h2+ﬁ+h2).

Then it is straightforward to derive the bias of m(x) as follows

2 2
E(n(x) - m(x)) = - 2i=2Pi (PR +(Th) 'm(x)Q) | Fl L B2(R2P;+ (Th)~ Q,)} e
Zl=lﬁl Zl lﬁl

m’(x) SIS SR
* Wwh +o(h+Th+h .
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For the variance of m(x), we notice that the error terms {&y,i=1, ...,n,t=1, ..., T} are independent,
which implies the independence of &;,i=2, ...,n and U;(x;). Therefore, we have the following asymptotic
expansion for the variance.

] S Vils (%) | m(x) S 7 55y Wil (i) Sy Wi
S S

Var(m(x) - m(x)) = Var (Z

Zl IZt IBII(h (Xlt )sl[ 1 1
Zl 1ﬁ1 Zt lKh (Xlt— )>+O( nTh*)

i B

vOzl DB 000 0) (1, L
(S, B’ 0< ”Th*)’

Var (Zz BT (Ve me) W/ Y, i%)Ul(xit))

where the expansions follow similar techniques as (25) and (26). Now, by the definition of U;, we have

2
Var(m(x) -m(x)) = 22 (Zﬂz { +sz]> o1 (x1s)

(Zz 1B1 =
Vo TR 00 (1. 1
TR +O(i ' "T"”) '

A.3 Proof of Theorem 3

Proof. From the results of Theorem 2, it is straightforward to show that the order of the mean squared error
of m(x) is h* + (T2h?) "' + K™ + T~ + (nTh") "'. To minimize the mean squared error, we can taken h=0(T "3)
and h" = 0((nT) _%). Under such choices of h and k", the order of the mean squared error is (nT)’g +T7L

Therefore, to match the optimal nonparametric convergence rate (nT)’g for mean squared error, the
condition n=0(T?) is required. O

A.4 Proof of Theorem 4

Proof. We start from the asymptotic expansion from (22) in the proof of Theorem 2. First, we investigate the
asymptotic behavior of the third term on the right hand side of (22).

2

) . 27)

As a first step, we have
Now, following the definition of U;(-) and applying the same expansion of wis(x;) as in the proof of

T
Var (Z (Ur(xie) - U1 (1)) ) <8E (
Theorem 1,

T

> i)

t=1

1
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E

2 T ~ 272

o 2
> Ui(x)
=1

2
1 r T K2(xi —x
cLp[ v (e xs)y ) e | 10,
r i\ o)

S,

where the last inequality follows from exchanging the summation order and the property of the kernel
function K(-). Observe that f(-) is bounded from below by Condition C2, the following inequality sequence
is obtained.

2 T 2
s iE(Z (Fh) I{xlsWh}oﬂxls)of(xlu)) (1+0(1)

O
Tzhz Z {|x1s = xqu| <2h} >

s,u=1
where the last term has the order of O(h~!) by noticing
Z I{\Xxs—x1u|<2h} = Z4Thf X1s)-
s,u=1

We can also derive the order of the variance for the other two terms,

Zthl VVitU( it) Zt 1 lt 1( zt) it -1
ar(-ﬁi th=1V|;§X ST 10 > 8) o(T™").

Due to the relationship of h and T, the third term is negligible when calculating the asymptotic variance.
Then, the expansion for the bias of §; can be rewritten as follows

T
Bi _ﬂi +,8i(h2Pi + %Ql) _ _ﬁi Z (W;;T;(X;‘s/)fls> Zt i ltal(Xlt)Slt (1+Op(1)) +O(h2+ %)’

where the right hand side is an independent sum of random variables with their variances being of the
same order, O(T~1). As a result, the central limit theorem can be applied directly for j..

ﬁ[ﬁi—ﬁi—ﬁxhzlﬁw Q)] —N(0,07%),

where the asymptotic variance o} is finite with the following expression.

1Zt W Xlt) ﬁzT 1Et 1 1t01(xlf)

* .
0?= lim :

Tl (T _1Zt:1 it) (T- 12: 1 )

Notice that if the order of h is between T2 and T7%, then B,- is asymptotic unbiased since
VTR, (WP + 4 Q1) —%0

From Theorems 1 and 2 we have [3,-, &;, m(-) are consistent estimators of f3;, a;, m(-), respectively. Thus,
0} = %Ztll (Vie — @ — [il.ﬁl(xit))z is also consistent for the variance under the assumption that o;(-) is a
constant function for each subject i. O
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