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Recently many regularized estimators of large covariance matrices have been proposed, and the tuning
parameters in these estimators are usually selected via cross-validation. However, there is a lack of con-
sensus on the number of folds for conducting cross-validation. One round of cross-validation involves
partitioning a sample of data into two complementary subsets, a training set and a validation set. In this
manuscript, we demonstrate that if the estimation accuracy is measured in the Frobenius norm, the training
set should consist of majority of the data; whereas if the estimation accuracy is measured in the operator
norm, the validation set should consist of majority of the data. We also develop methods for selecting
tuning parameters based on the bootstrap and compare them with their cross-validation counterparts. We
demonstrate that the cross-validation methods with ‘optimal’ choices of folds are more appropriate than
their bootstrap counterparts.
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1. Introduction

Estimation of covariance matrices is important in many statistical areas including principal
component analysis, linear discriminant analysis, and graphical modelling. Recently, these tools
have been used for analysing high-dimensional data sets where the dimensions can be much
higher than the sample sizes. Examples include image data, genetic data, and financial data.

Suppose that there are n identically distributed p-dimensional random variables Xi,..., X,
with covariance matrix . It is well known that the empirical covariance matrix ¥ is not a
good estimator of ¥ when p > n, which is defined as follows:

. 1< _ _
£ =161= =3 X=X -X)7, (1)

i=1
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where 6;; is the element at the ith row and jth column of Y, 1<ij<pandX = > Xi/n. To
overcome the curse of dimensionality, many regularized estimators of large covariance matrices
have been proposed recently; see [1] and references therein.

1.1. Two groups of estimators

There are two main groups of such estimators. One group assumes the covariance matrix being
estimated is sparse in the sense that many entries are zero or nearly so. Methods in this group
include thresholding [2,3] and generalized thresholding.[4]

Bickel and Levina [2] studied the asymptotic properties of the hard-thresholding estimator,

SHT ) = (6511651 = M), )

where A > 0 is a tuning parameter to be selected and /(|6;;| > A) is an indicator function with
value 1 if |6;| > A and O otherwise. For the ease of presentation, we use the same notation A for
the tuning parameters in all different kinds of estimators. Rothman et al. [4] proposed a class of
thresholding estimators, including the soft-thresholding estimator,

5T (1) = [sign(Gy) (1651 — )11, 3)

where (|03 — 1)+ = max(0, |6;] — A).

The other group is for applications where there is a natural metric on the dimensional index set
and one expects that the entries farther away from diagonal are smaller. Methods in this group
include banding [5,6] and tapering.[7,8]

Bickel and Levina [5] studied the asymptotic properties of the banding estimator,

S = [641(Ji — jl < M), 4)

where integer 0 < A < p is a tuning parameter and /(|i — j| < A) is an indicator function with
value 1 if |i —j| < A and O otherwise. Cai et al. [8] studied the asymptotic properties of the
tapering estimator,

S0 = [Wieyl, (5)

where w,-*j is a multiplier on each o;; such that for integer 0 < A < p, w}} = 1 when |i —j| < A/2,
wj =2 —2|i —j|/ when 1/2 < |i — j| < &, and w}; = 0 otherwise, 1 < i,j < p.

In this work, we focus on these four estimators, although there are many other methods not
belonging to these two groups, such as Cholesky-based regularization [9—11] and factor-based
regularization.[12,13]

1.2. Tuning-parameter selection

The performance of any estimator depends heavily on the quality of tuning-parameter selection.
There are two popular norms which can be used to measure the estimation accuracy, one is the
Frobenius norm and the other is the operator norm. For any matrix M,, = [m;], its Frobenius
norm and operator norm are defined as

14

p
szi and  [[M|lop = sup{|[Mxll> : [lx[l> = 1}, (6)

i=1 j=1

IM|r=

respectively, where || - ||, is the Euclidean norm for vectors.
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If the estimated ¥ were known, for any estimator f](k), we would select the oracle A as

Arede = argmin [ S(1) — TfF or AL = argmin [|[£(A) — Zlop, (7
A A

depending on which norm is considered. We call these two tuning methods oracles because
they depend on knowing the underlying covariance matrix ¥ and they are benchmarks with
which those tuning methods described later are compared. In practice, we attempt to estimate the
Frobenius risk or the operator risk first,

Rr() =EIE0) = ZF or Rp(M) =E[ZR) — Z|2,. (®)
and then select a value for A.

The existing theoretical work usually focused on the order of the tuning parameter for a
specific model. Xiao and Bunea [14] proved that the banding estimator achieved optimal rate
under the operator norm and proposed a Stein’s unbiased risk estimate (Sure)-type approach
to select the banding parameter, which was of order of n. Li and Zou [15] studied asymptotic
properties of SURE information criteria for large covariance matrices with tapering covariance
estimator under the Frobenius norm. In this paper, we aim to provide simple and universal guide-
lines on selecting tuning parameters for different regularized estimators of high-dimensional
covariance matrices when a specific type of risk is prioritized (Frobenius risk or operator risk).

The remainder of the manuscript is organized as follows. In Section 2, we describe two popular
methods, cross-validation and bootstrap, for estimating the risk under consideration. In Section 3,
we conduct extensive simulations to provide some evidences about how many folds for cross-
validation would be ‘optimal’ and whether the ‘optimal’ cross-validation might be better than
the methods based on bootstrap. In Section 4, we illustrate the extent to which the number of
folds in cross-validation affects the selected tuning parameter using a real high-dimensional data
set. Some conclusions are summarized in Section 5 and the appendix contains all the technical
proofs.

2. Methods

2.1. Cross-validation

Since the 1970s (e.g. [16]), cross-validation has become one of the most popular methods for
tuning-parameter selection. Especially for regularized estimators of large covariance matrices,
cross-validation plays a dominant role in tuning-parameter selection. V -fold cross-validation
first splits data into {Dy, ..., Dy}, and then selects the tuning parameter in X (1) as

| — | —

ASY = argmin 37 IS0 = EVNE or Ag = argmin - DIET0) = V2, 9)
v=1 v=1

where £ is the un-regularized estimator (1) based on D, and >l (&) is the regularized esti-
mator under consideration based on data without D,. Here the size of training data is about
(V — 1)n/V and the size of validation data is about n/V'.

Shao [17] argued that for linear models the cross-validation is asymptotically consistent if the
ratio of validation size over sample size goes to one. Motivated by this result, we also consider
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reverse cross-validation to select the tuning parameter in () as

AV = argmm — Z IZV0) =7 or A = argmm — Z 1£P0) — V)3
=1

op?

(10)
where % is the un-regularized estimator (1) based on data without D, and £ (1) is the regu-
larized estimator under consideration based on D,. Here the size of training data is about n/V and
the size of validation data is about (V — 1)n/V. Feng and Yu [18] conducted a systematic study
on cross-validation for selecting the optimal tuning parameter in penalized likelihood estimators
for generalized linear models.

However, there is a lack of consensus, even discussion, on how many folds should be con-
sidered when using cross-validation (or reverse cross-validation) to select tuning parameters in
the regularized estimators of large covariance matrices. Here are some examples. In [2], 2-fold
cross-validation was used (i.e. the training size is n; = n/2 and the validation size is n, = n/2).
In [5], reverse 3-fold cross-validation was used (i.e. n; = n/3 and n, = 2n/3). In [19,20], 5-fold
cross-validation was used (i.e. ny = 4n/5 and n, = n/5).

2.2. Bootstrap
2.2.1. Bootstrap for the Frobenius norm.

Let &% = (n/(n — s = [6,:;] be the usual sample covariance matrix. Let f](k) = [6;;(M)] be
the regularized estimator under consideration. In their Lemma 1, Yi and Zou [19] showed that
the Frobenius risk can be decomposed into

P p P p
Rr() =EIS0) — 213 +2) Y Cov(5;(h),50) — Y > var(&})

i=1 j=1
= apparent error + covariance penalty — constant, (11)

where terms ‘apparent error’ and ‘covariance penalty’ come from [21]. In the same paper,
Efron proposed to use the bootstrap method to estimate the covariance penalty. Assume that
{X bx ,X,f*}, b=1,...,B, are samples repeatedly drawn from some underlying parametric
or non-parametric bootstrap model (to be discussed later). For each bootstrap sample, the cor-
responding estimates %%%* = [&i‘;’b*] and (W) = [67*(1)] are obtained. Then the covariance
penalty can be estimated by

p P

A~ bx ~ 8§,bx 1 BA* - S.
cOv(,\)_222< Zah() ”—B(B_ Z ialey) ; ) (12)

i=1 j=I1
and the Frobenius risk can be estimated by
Rr(1) = 1£() = £°[I} + Cov(n), (13)

where the constant term in Equation (11) can be ignored for tuning-parameter selection and can
be recovered for risk estimation. Then the tuning parameter can be selected as

A2t — argmin Ry (A). (14)
Py

Now we discuss how to select an appropriate bootstrap model for generating bootstrap sam-
ples. First, as pointed out by Efron,[21] for high-dimensional applications, parametric bootstrap
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is better than non-parametric bootstrap. Second, as pointed out by Efron [21] also, the ‘ultimate
bigger’ bootstrap model,

F=NX,%, (15)

where N stands for multivariate normal distribution, has ‘the advantage of not requiring model
assumptions’, but ‘pays for this luxury with increased estimation error’. Third, as discussed in
[21], ‘the exact choice of F is often quite unimportant’. Considering these remarks, in all the
numerical results, we consider an intermediate bootstrap model,

F=NX, %)), (16)

where 5»0 is selected via (14) based on the ultimate bootstrap model (15).

2.2.2.  Bootstrap for the operator norm.

It is very difficult to estimate the operator risk Rop, (1), because it cannot be easily decomposed
like (11). Here we derive a rough approximation to R,,(2) for banding and tapering estimators
and hope this will stimulate more accurate approximations.

For any regularized estimator £(A), let I = (2(A) — )(X(A) — £)T and T'* = E(I).
Following the delta-method in [22] and some arguments in the appendix, we have

Rop(2) =E (;rﬁaxl ﬂTFﬁ> = max BTE(D)S + B E(ATIA)B, (17
2= 2=

where A=T —T"* and I1 = Zfzz(l/(lj‘ — lj?‘)),Bj*ﬂ;‘T with {(B/,[), j=1,...,p} being the

eigenvectors and eigenvalues from eigen-system ['*8 = [8. The last term in Equation (17) is

known as Hadamard second variation formula (e.g. [23]). The approximation still holds if I'* is

replaced by some unbiased estimator I'*; that is,

Rop() = I} + B TE(ATIA) B, (18)

where AAZ I —I* and 1= Zfzz(if - z;‘)‘lﬁ;‘gf—r with {(3-*,2_7),]’ =1,...,p} from eigen-
system ['*B = [f. Furthermore, we can estimate the expectation in the second term of
Equation (18) via the bootstrap using the same model as Equation (16).

Remark I  For banding estimator (4) and tapering estimator (5), we derive an unbiased estimator
I'* in the appendix. Unfortunately, we fail to derive any unbiased estimator for thresholding
estimators (2) and (3).

Remark 2 Based on our limited numerical expericence, the approximation in Equation (17) is
very accurate, but due to the curse of dimensionality, the approximation in Equation (18) is rough
for high-dimensional data.

3. Simulation results

The data are generated from N (0, £) with three covariance models adopted from [19] and one
model adopted from [24] are considered, sample size n is set as 200, and three settings of
dimension are considered, p = 100, 200, and 1000.

Model 1. The covariance matrix X = [o;;], where 0; =1 for 1 <i <p and oj; = p|i —
jlT@*tDforl <i#j<p.Letp=06anda = 0.10r0.5.
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Model 2. The covariance matrix £ = [oy;], where o;; = p!/™/l forany 1 <i,j < p.Letp = 0.9
or 0.5.

Model 3. This model is a truncated version of model 1, where 0;; = 1 for 1 <i < pand o;; =
pli—jI= @ VI(i—jl<6)forl <i#j<p.Letp=06anda =0.10r0.5.

Model 4. This model is designed for thresholding with no banding structure in terms of spar-
sity, where 03 = s - (siis;)~"/?, where S = I, + UTU = (s;)pxp With U being a sparse matrix
with k non-zero entries equal to +1 or —1 with equal change. Here we set k = p.

Ten cross-validation methods for tuning-parameter selection are compared: 2-fold, 3-fold,
5-fold, 10-fold, 15-fold, and 20-fold cross-validations (CV2, CV3, CVS5, CV10, CV15, CV20),
2-fold cross-validation based on 50 random splits (RCV2), reverse 3-fold, 5-fold, and 10-
fold cross-validations (reCV3, reCV5, reCV10). The bootstrap methods (bootstrap) are also
compared.

The cross-validation using n; = n — [n/log(n)] for training and n, = [n/log(n)] for valida-
tion is also implemented, but the results are not reported because this method does not perform
very well compared with others although some nice asymptotic property was derived in [2]. The
leave-one-out cross-validation is not considered because it is impossible to estimate a covariance
matrix using only one data point.

We use the Frobenius norm and the operator norm as evaluation criteria with those four regu-
larized estimators (banding, tapering, hard thresholding and soft thresholding). Each simulation
setting is repeated K = 200 times, and the performance is measured by the empirical mean square
error (MSE), which is the average of 200 values of [|[£(1) — |} or [ (1) — B2,

3.1. Results in the Frobenius norm

First, the 10 different cross-validation methods are compared using the Frobenius norm, with
results summarized in Figures 1-4. Out-of-chart MSE values are excluded from the figures.
Since all the true covariance matrices have some banding or tapering structure, both the banding
estimator and the tapering estimator are more accurate than the thresholding estimators.

From Figures 1-4, we see that 10-fold cross-validation performs best for all four models and
all four regularized estimators. We also see that 15-fold and 20-fold cross-validations perform
comparably with 10-fold cross-validation, but they require more extensive computations. This
finding is quite similar to the one in [25], which also suggested 10-fold cross-validation for linear
models.

Then 10-fold cross-validation method is compared with the bootstrap method in Section 2.2.1
and the SURE method in [19], with results summarized in Figure 4. Note that the comparison
for Model 4 is not shown here because Model 4 is designed for thresholding methods. In [19],
the SURE method was compared with 5-fold cross-validation and it was found that the SURE
method performs slightly better than 5-fold cross-validation. However, from Figure 5, we see
that 10-fold cross-validation performs slightly better than the SURE method. This is consistent
with Figures 1-4 in which the 10-fold cross-validation performs slightly better that 5-fold cross-
validation. Also note that the SURE method is only applicable for the banding and tapering
estimators.

From Figure 5, we also see that the bootstrap method performs very similar to 10-fold cross-
validation for the banding and tapering estimators. However, the comparison is complicated for
thresholding estimators, because sometimes 10-fold cross-validation performs much better than
the bootstrap method whereas sometimes the bootstrap method performs slightly better than
10-fold cross-validation.
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Figure 1. Ten cross-validation methods are compared for Model 1 (n = 200; p = 100,200, 1000; « = 0.1,0.5).

Performances are measured by MSE in Frobenius norm.
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Figure 2. Ten cross-validation methods are compared for Model

Performances are measured by MSE in Frobenius norm.

2 (n=200; p = 100,200, 1000; p = 0.9,0.5).
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Figure 3. Ten cross-validation methods are compared for Model 3 (n = 200; p = 100,200, 1000; o = 0.1,0.5).
Performances are measured by MSE in Frobenius norm.
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mances are measured by MSE in Frobenius norm.

3.2. Results in the operator norm

Again, 10 cross-validation methods are compared using the operator norm, with results sum-
marized in Figures 6-9. We see that, for the banding and tapering estimators, reverse 3-fold
cross-validation performs best in most cases, while in other cases it performs almost as well
as reverse 5-fold cross-validation. For the hard-thresholding estimator, 2-fold cross-validation
or 2-fold cross-validation based on 50 random splits performs the best in all cases. For the
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Figure 5. Ten-fold cross-validation is compared with the bootstrap and SURE for Model 1-3 (n = 200; p = 200).
Performances are measured by MSE in Frobenius norm.

soft-thresholding estimator, either 2-fold cross-validation or reverse 3-fold cross-validation per-
forms best in all cases. In addition, it seems using multiple random splits does not improve the
performance significantly.

Therefore, from Figure 6-9, we see that either 2-fold cross-validation or reverse 3-fold cross-
validation performs best if the MSE is in terms of the operator norm. This finding is different
from the result that 10-fold cross-validation performs best for the Frobenius norm. In other
words, we need larger training size for the Frobenius norm whereas larger validation size is
needed for the operator norm.

For the banding and the tapering estimators, reverse 3-fold cross-validation method is com-
pared with the bootstrap method in Section 2.2.2 for Model 1-3, with results summarized in
Figure 10. We see that the bootstrap methods performs similarly as the reverse 3-fold cross-
validation for the banding and tapering estimators. The comparison shows that the ‘rough’
approximation (18) is working well. On the other hand, since the bootstrap does not out-
perform reverse 3-fold cross-validation and it is much more computationally expensive, we
recommend the reverse 3-fold cross-validation over the bootstrap method when the operator
norm is considered.

The different performances of cross-validation methods when the target is Frobenius norm or
operator norm are very interesting. Intuitively speaking, when minimizing Frobenius norm, we
essentially minimize the sum of the squared element-wise estimation error. Note that a coun-
terpart for high-dimensional regression models is the tuning-parameter selection problem when
one would like to minimize the L, loss for penalized likelihood estimators. When minimizing
the operator norm, on the other hand, one needs to impose a higher penalty level since the goal
is the spectral behaviour of the matrix estimation error. This is consistent with the well-known
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compared for Model 1 (n =200; p = 100,200, 1000; « = 0.1,0.5).

0.5).
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Figure 9. Ten cross-validation methods are compared for Model 4 (n = 200; p = 100,200, 1000; « = p). Perfor-
mances are measured by MSE in operator norm.

fact that CV with less fold (or reverse cross-validation) will incur more penalties on the model
complexity.
4. Read data analyses

To illustrate the extent to which the number of folds in cross-validation affects the selected
tuning parameter, we apply we apply the four regularization methods (banding, tapering,
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hard-thresholding and soft-thresholding) to estimate the covariance matrix using a real high-
dimensional data set.

The data set we consider is a part of a big data set from a study of metastasis of breast cancer.
The full data set contains gene expression, annotations and clinical data, and has been analysed
by many investigators including Wang et al. [26] and Minn et al.[27] We use the data set ‘vdx’
incorporated in R package ‘genefu’, which consists of 150 subjects with 914 gene-expression
variables. The goal is to estimate the 914 x 914 covariance matrix. The order of variables play
an important role in the application of banding and tapering methods and it should be decided
according to the nature of the data. For the purpose of illustration, we simply assume the order
in the data set is the as the order of gene-expression variables. Note that the order of variables
does not matter in the application of hard-thresholding and soft-thresholding methods.

We consider seven kinds of cross-validation with different choices of the number of folds:
CV2, CV3, CV5, CV10, CV15, reCV3, and reCV5. Each kind of cross-validation applied to
each regularization method leads to a possibly different tuning parameter. Figure 11 displays
these selected tuning parameters and it indicates that different cross-validation methods may
select significantly different tuning parameters.

From Figure 11, we see that, if the Frobenius norm is considered, the selection of tuning
parameter is insensitive to cross-validation methods with majority training data (i.e. CV2, CV3,
CV5, CV10, and CV15). Also, for tapering method and soft-thresholding method, the tuning
parameters selected by these cross-validation methods are significantly different from the ones
selected by cross-validation methods with majority validation data (i.e. reCV3 and reCVS5). From
Figure 11, we also see that, if the operator norm is considered, the selection of tuning parameter
is sensitive to cross-validation methods with different number of folds. Therefore, it suggests
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Figure 10. Reverse three-fold cross-validation is compared with the bootstrap method for Model 1-3 (n = 200;
p = 200). Performances are measured by MSE in operator norm.
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that we should be more cautious about tuning parameter selection when the operator norm is
considered.

5. Conclusions

In this manuscript, we compare two classes of methods (cross-validation and bootstrap) for
selecting tuning parameters in two groups of regularized estimators (banding and thresholding)
for covariance matrix, where estimation accuracy is measured in two norms (Frobenius norm
and operator norm). Based on extensive simulations and a real data study, we draw the following
conclusions:

(1) Cross-validation is computationally convenient and performs better than the methods based
on bootstrap;

(2) If the Frobenius norm is considered, we suggest 10-fold cross-validation for both groups of
regularized estimators;

(3) If the operator norm is considered, we suggest the validation set should consist of majority
of the data.

An R package CVTuningCov for implementing the two tuning-parameter selection methods is
available on the CRAN website.
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Appendix

A.1l. Approximation in Equation (17)

Let{(8;.1j), j = 1,...,p} be eigenvectors and eigenvalues from eigen-system I'8 = 8. Following the delta method used
in [22], let

[ =T*+¢A°
B =B +ep V) +ap® 4
L= 4V 4ar® 4

1/2 and @ = n~!. Because I'8; = I, B, we have

where ¢ = n~
T+ eANBF 4+ D +ap™@ ) = U 46D +al*P (B + eV +ap® ).
Comparing the coefficients of powers of It and o on both sides of this equation, we have
L =0 +eprTA B + o T A'TIAO B,

whose expectation is Equation (17).
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A.2. Unbiased estimator of T

With a slight abuse of notation, for both the banding estimator and the tapering estimator, let
S A~
23 = [widjl.

Let W*

= [wﬁ\i], whose jth column is defined as wf. Also let X; be the jth column of ¥ and let Wj)‘ = diag(w?). Note that
n—1DT ~ Wy(n — 1, %), where W stands for Wishart distribution. By some tedious arguments, we have

LSy Tk 4 3w T wh
= n—1 ZWJ Loy + 3% W) + Z(W] — )T W —1,).
Jj=1 j=1

In order to find an unbiased estimator for £*, it suffices to find an unbiased estimator for oy;0y/y forany 1 < k, k', ' < p.
Let X; = (Xit,.... Xp) . X; = Y_; X;j/n, and )_(j(*’) = > 2 Xij/(n = 1). In this manuscript, we use

1
n—2

> Ko = X5 Ky = X))

1< . .
— D X — X)X — X) x
A i

to estimate oy oy .
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